We study weak approximation on rationally connected varieties under an assumption of strong approximation for a "simple" variety or under Schinzel's hypothesis. We also get some unconditional results.
Introduction
Let X denote a smooth proper algebraic variety over a number field k. It is customary to embed the set X(k) of rational points of X diagonally into the space of adelic points X(A k ). In 1970, Manin ([Man71] , [Man86] ) showed that an obstruction based on the Brauer group of varieties, now referred to as the Brauer-Manin obstruction, can often explain failures of the Hasse principle and weak approximation. Further work (see [Wit18] for a survey) has shown that for some classes of rationally connected varieties the Brauer-Manin obstruction is the only obstruction to the Hasse principle and weak approximation.
Let X be a smooth proper and geometrically irreducible variety over a number field k, and let f : X → P 1 k be a dominant morphism with rationally connected geometric generic fiber. Weak approximation on X has been studied extensively. There are two approaches to study this problem. The first approach is to study weak approximation for its universal torsors by descent theory developed in [CTS87] , see for example [CTSS87] , [SD99] , [CTSa89] by geometric methods; see [HBS02] , [Jo13] by the circle method; see [BHB12] , [DSW14] , [Irv14] by the sieve method; and see [HSW14] , [BMS14] , [BM17] by additive combinatorics.
Another approach is the fibration method which can be traced back to Hasse's proof about the local-global principle of quadratic forms. Under Schinzel's hypothesis, weak approximation was first studied by Colliot-Thélène and Sansuc in [CTS82] . Such a conditional result (Under Schinzel's hypothesis) was largely extended in [CTSD94] , [CTSS98] , [Wit07] [Wei14a] and so on.
Harpaz and Wittenberg (see [HW16, Theorem 9 .17]) further improved the fibration method such that most of the above mentioned results can be covered. They proposed a conjecture (Conjecture 9.1) in [HW16] which implies that a large class of rationally varieties satisfy weak approximation with the Brauer-Manin obstruction.
Let k be a number field, let P 1 (t), · · · , P n (t) be pairwise distinct irreducible polynomials in k [t] . Let k i = k[t]/(P i (t)) and a i the class of t in Date: October 5, 2019. 2010 Mathematics Subject Classification. 14G05 (11D57, 14F22). k i , finite field extensions L i /k i and b i ∈ k * i . Let F i be the singular locus of R L i (A 1 L i ) \ R L i (G m,L i ), this is a codimension 2 closed subset of the affine space R L i (A 1 L i ). Let W be the closed subvariety of A 2 k \ {(0, 0)} × n i=1 (R L i (A 1 L i ) \ F i ) with coordinates (λ, µ, z 1 , · · · , z n ) defined by the system of equations      b 1 (λ − a 1 µ) = N L 1 /k 1 (z 1 ) · · · · · · b n (λ − a n µ) = N Ln/kn (z n ),
(1.1)
where N L i /k i is the norm form of the extension L i /k i . We call such W to be a variety associated to the pairs (P 1 (t), L 1 ), · · · , (P n (t), L n ).
Varieties closely related to W (in fact, partial compactifications of W ) first appeared in the context of descent in [Sko96, §3.3] named vertical torsors, see also [CTS00, p. 391] , [Sko01, §4.4] . By an easy computation, one obtains k[W ] × =k × and Pic(W ) = 0, then Br 1 (W ) = Br 0 (W ).
The following conjecture was first mentioned in [HW16, §9] and [Wit18, §3.4], and it implies Harpaz and Wittenberg's Conjecture 9.1 (see [HW16, Corollary 9 .10]).
Conjecture 1.1. The variety W satisfies strong approximation off any place v 0 of k.
A scheme of finite type over a field is split if it contains a geometrically irreducible component of multiplicity 1. Recall here that the rank of a fibration f : X → P 1 k is defined to be the sum of degrees of closed points of P 1 k above which the fiber of f is not split. The definition of split fibers can be found in work of Skorobogatov [Sko96] , which is where the notion was originally introduced to the subject.
Let X be a smooth, proper and geometrically integral variety over a number field k and let f : X → P 1 k be a dominant morphism with rational connected geometrical generic fiber. Let U 0 ⊂ P 1 k be the dense open subset over which the fiber of f is split and ∞ ∈ U 0 . Let Ψ = P 1 k \ U 0 . Let P 1 (t), · · · , P n (t) ∈ k[t] denote the irreducible monic polynomials which vanish at the points of Ψ. Let P 1 (t), · · · , P n (t) ∈ k[t] denote irreducible monic polynomials which vanish at the points of Ψ. For i ∈ {1, · · · , n}, let k i = k[t]/(P i (t)), let D i be a component over k of multiplicity one over the point corresponding to P i (t), and let L i be the algebraic closure of k i in the function field k(D i ). Now we state the main results of this paper (see Theorem 2.5 and 3.5).
Theorem 1.2. Let X be a smooth, proper and geometrically integral variety over a number field k and let f : X → P 1 k be a dominant morphism with rational connected geometric generic fiber. Let P i (t) and L i be as above.
Assume that: X c (k) is dense in X c (A k ) Br(Xc) for every rational point c of a Hilbert subset of P 1 k ; and one of the following two conditions holds: i) strong approximation off v 0 holds for any variety W associated to the pairs (P 1 (t), L 1 ), · · · , (P n (t), L n ), where v 0 runs through almost all finite places of k;
ii) Hypothesis (HH 1 ) holds for P 1 (t), · · · , P n (t), and field extensions L i /k i are cyclic for all i.
We may compare Theorem 1.2 with Harpaz and Wittenberg's fibration theorem ([HW16, Theorem 9.17]). On one hand, there is a technical condition (9.9) in [HW16, Theorem 9.17], which will hold under the assumption that k is totally imaginary or that a non-split fiber of f lies over a rational point of P (1) deg(m i ) = 1 for all i ∈ {1, ..., n}, v 0 is a finite place of Q;
(2) deg(m i ) ≤ 3 and deg(m i ) = 1 for at least one i ∈ {1, ..., n}. [Har94] , this idea may also be applied to study strong approximation on some non-proper varieties (e.g., [CWX19, Theorem 4.4] ).
Furthermore, we get some unconditional results (see Corollary 2.6,2.9 and 3.7). Theorem 1.3. Let X be a smooth, proper, geometrically integral variety over a number field k and f : X → P 1 k be a dominant morphism with rationally connected geometric generic fiber. Assume that one of following condition holds:
(1) rank(f ) ≤ 2;
(2) rank(f ) ≤ 3, and every non-split fiber X m contains a multiplicity one component D m such that the algebraic closure of k(m) in the function field k(D m ) is quadratic over k(m); (3) k = Q, and rank(f ) ≤ 3, and every non-split fiber X m contains a multiplicity one component D m such that the algebraic closure of k(m) in the function field k(D m ) is cyclic over k(m). If X c (k) is dense in X c (A k ) Br(Xc) for every rational point c of a Hilbert subset of P 1 k , then X(k) is dense in X(A k ) Br(X) . Under the assumption that the fibers above a Hilbert set of rational points satisfy weak approximation, the case (1) and (2) were also proved in [CTSS98, Theorem 2.2], [CTS00, Theorem A,B]; the case (1) had also been dealt with in [HW16, Theorem 9.31] under the assumption that k is totally imaginary or that the non-split fibers of f lie over rational points of P 1 k , they also mentioned that the technical assumption is superfluous in the footnote.
Terminology. Notation and terminology are standard. Let k be a number field, Ω the set of all places of k and ∞ k the set of all archimedean places of k. We say that strong approximation holds for Z off a (finite or infinite) set S of places of k if the image of the set Z(k) of rational points on Z is dense in the space Z(A S k ) of adelic points on Z outside S. In particular, Z satisfies strong approximation off Ω \ S for each finite subset S of Ω, which is equivalent to that Z satisfies weak approximation. If S 1 ⊂ S 2 be two subsets of Ω, then strong approximation off S 1 holds for Z implies strong approximation off S 2 holds for Z.
Let (x v ) v ∈ X(A k ) be orthogonal to B ∩ Br(X) + Br 1 (X) with respect to the Brauer-Manin pairing. Assume that: a) strong approximation off Ω F/k \ T holds for any W associated to the pairs (P 1 (t), L 1 ), · · · , (P n (t), L n ), where T runs through all finite subsets of Ω F/k and F is a finite extension of k depending on X.
Then there exists 
Remark 2.2. Let F ′ be any finite extension of k and n any fixed positive integer. Note that Ω F F ′ /k is an infinite subset of Ω F/k , then Ω F F ′ /k \ T is also an infinite set. Therefore, Ω F F ′ /k \ T contains infinitely many subsets of Ω F ′ /k of cardinality n. So, if W satisfies strong approximation off S where S runs through almost all subsets of Ω F ′ /k of cardinality n, then the condition a) in Proposition 2.1 holds.
Let M be the free Γ k -module generated by all divisors D ∞ , D 11 , · · · , D 1r 1 , · · · , D n1 , · · · , D nrn , where D ij ⊂ D i and 1 j r i . Then M is a permutation submodule of Div X\V (X), its dual
We have another exact sequence
where Q is the quotient of the morphism div. Obviously Q is a finitely generated free Z-module since all D i are of multiplicity 1, hence its dual Q is a torus.
where ρ and η are the natural morphism and λ is induced by η. The morphism λ induces an element in Hom k ( Q, Pic(X)), we also denote it by λ. The dual of the morphism div : R → M is then given by the morphism of k-tori
We have an exact sequence of tori
This makes M into a R-torsor under the torus Q.
We now describe the map V → R induced by the splitting φ :
where W is the variety in Conjecture 1.1 and g :
. Therefore, we have the commutative diagram
(2.1)
We extend the commutative diagram (2.1) to the following commutative diagram
in which we denote morphisms by same notations for simplicity as in (2.1).
The following Lemma is in fact [Sko96, Theorem 3.3.3], it is not directly used in the latter part. However, the original idea is inspired by combining it with [Har94, Theorem 4.2.1].
Lemma 2.3. All fibers of the morphism p ′ :
Proof. Let y be a geometrical point of W . Suppose g(y) ∈ U 0 . The fiber of g over y is geometrically integral, and the fiber
by the diagram (2.2). Since f −1 (g(y)) is split by the definition of U 0 , the fiber p ′−1 (y) is split. If g(y) ∈ U 0 , then g(y) is a closed point. Without loss the generality, we may assume g(y) be the point in P 1 k \ U 0 corresponding to the irreducible polynomial P 1 (t), hence y ∈ D 1 , where D 1 be the divisor of W defined by P 1 (t) = 0. By the definition of W , D 1 is a disjoint union of the prime divisors, which implies that L 1 ⊂ k[D 1 ]. Hence we have L 1 ⊂ k(y). By the diagram (2.2), the fiber
Since L 1 is the algebraic closure of k 1 in k(D 1 ), the fiber of p ′ over y is split.
Since T is a torsor over X under the torus Q, all fibers are geometrically integral, hence we have
. . , n}, let D i just be the divisor over m i in our assumption. For i = n + 1, · · · , N , let P i (t) be the irreducible polynomial which vanishes at m i , we may choose D i to be a geometrically integral divisor of multiplicity 1 over k i since the fiber of f is split at m i . For i ∈ {1, . . . , N } choose a finite abelian extension E i /k(D i ) such that the residue of any element of B at the generic point of D i belongs to the kernel of the restriction map
. Furthermore, by the implicit function theorem, we may assume p(y ′ v ) belongs to a smooth fiber of f over V 0 for each v.
Let S be a finite set of places of k containing the infinite places of k, the places at which we want to approximate (x v ) v and the finite places above which, for i ∈ {1, · · · , n}, either a i or b i is not a unit or K i /k i is ramified, for i ∈ {n + 1, · · · , N }, a i is not a unit. We choose S large enough that the order of A is invertible in O S , that β(y ′ v ) = 0 for all v ∈ S and for all β ∈ A, that T , X and W extends to smooths schemes T, X and W over O S , and f : X → P 1 k , p : T → X and g : W → P 1 k extends to flat morphisms f :
After enlarging S, we may assume that • the fiber of f above any closed point of U ′ 0 contains a smooth rational point;
• for any i ∈ {1, . . . , N }, if L i possesses a place of degree 1 over w then the closed fibers of D 0 i → m i contain rational points; • for any i ∈ {1, . . . , N } and any place w of k i which splits completely in L i and which does not lie above a place of S, any element of H i can be realized as the Frobenius automorphism of the irreducible abelianétale cover E i → D 0 i at some rational point of the fiber of D 0 i → m i above the closed point corresponding to w. Using Chebotarev's density theorem, we fix pairwise distinct places v 1 , . . . , v N ∈ Ω \ S such that v i splits completely in K i for each i. For each i ∈ {1, . . . , N }, we also fix a place w i of k i lying over v i and an element
Let F ′ be a finite field containing F and all K i and large enough such that the rational k-section is defined over F ′ . By our assumption, W satisfies strong approximation off Ω F ′ /k \ S ′ . Therefore, there exists a point c ′ = (λ 0 , µ 0 , z 0 ) ∈ W (k) such that c ′ is very
particular, the coordinator t 0 := u 0 /v 0 of c := g(c ′ ) ∈ P 1 k is very close to t v i for i ∈ {1, . . . , N }. By the implicit function theorem, we may assume the rational k-section of f can be defined at the point c.
As at least one p(y ′ v ) belongs to a smooth fiber of f above V 0 , we may assume that c ′ ∈ W 0 (k) and that X c is smooth. By the implicit function theorem, for each v ∈ S, we can choose
, · · · , N }, it is clear that L i contains a place of degree 1 above v by [HW16, Corollary 9.10].
For v ∈ S, let w ∈ P 1 O S denote the closed point w = g(c) ∩ P 1 k(v) . For i ∈ {1, . . . , N }, we define Ω i to be the set of places v ∈ Ω \ S such that w ∈ m i . The sets Ω i are finite and pairwise disjoint. When v ∈ Ω i , we may view w as a place of k i dividing v; we then have w(t 0 − a i ) > 0. We may assume that w i (t 0 − a i ) = 1, and hence that v i ∈ Ω i , by choosing t 0 close enough to t v i .
For each v ∈ Ω \ S which does not belong to any Ω i , we use Hensel's lemma to lift an arbitrary smooth rational point of 
where Fr w ∈ Gal(K i /L i ) denotes the Frobenius at w.
By the global reciprocity law, we deduce that
For
where Fr w ∈ Gal(K i /L i ) denotes the Frobenius at w. Therefore
inv v γ(c) = 0.
Note that χ can run through
where Fr w ∈ Gal(K i /k i ) denotes the Frobenius at w, since γ ∈ Br(U ′ 0 ). By the global reciprocity law, we deduce that
By Lemma 2.4 and our hypotheses on S, we can choose, for each i ∈ {1, . . . , N }, a rational point ξ w i ,i of the fiber of D 0 i → m i above w i such that Fr ξ w i ,i = −σ i and hence v∈Ω i n w,i Fr ξ w,i = 0 (2.4) in G i . We then lift ξ w i ,i to a k v i -point x ′ v i of X c . We have thus constructed an adelic point (x ′ v ) v∈Ω ∈ X c (A k ) arbitrarily close to (x v ) v∈Ω in X(A k ). It remains to check that (x ′ v ) v∈Ω is orthogonal to B with respect to the Brauer-Manin pairing. By the orthogonality of (p(y ′ v )) v to B and by the definition of S, we have v∈S inv v β(p(y ′ v )) = 0 for all β ∈ B. On the other hand, as
, Q/Z) denotes the residue of β at the generic point of D i (see [Har94,  Corollaire 2.4.3]). In view of (2.4), we conclude that v∈Ω inv v β(x ′ v ) = 0 for all β ∈ B.
Theorem 2.5. Let X be a smooth, proper, geometrically integral variety over a number field k and let f : X → P 1 k be a dominant morphism with rationally connected geometric generic fiber. Let P i (t) and L i be as in Theorem 1.2. Assume that:
(1) strong approximation off Ω F/k \ T holds for any W associated to (P 1 (t), L 1 ), · · · , (P n (t), L n ), where T runs through all finite subsets of Ω F/k and F is a finite extension of k depending on X;
(2) there exists a Hilbert subset H ⊂ P 1 k such that X c (k) is dense in X c (A k ) Br(Xc) for every rational point c of H.
Proof. Let U 0 be as in Theorem 1.2. After shrinking U 0 , we may assume that there exists a finite subgroup B ⊂ Br(f −1 (U 0 )) such that B + f * η Br(η) = Br(X η ). Indeed, Br(X η )/f * η Br(η) is finite and f has a k-section since the generic fiber of f is rationally connected (see [ 
(2.5) as in [Sko90] , the same proof shows that c can be required in rational points in U 0 ∩ H ∩ H ′ in (2.5) (this uses Ekedahl's version of Hilbert's irreducibility theorem [Eke90] ). In view of (2), we may approximate in the fiber X c to conclude the proof.
Corollary 2.6. Let X be a smooth, proper, geometrically integral variety over a number field k and f : X → P 1 k be a dominant morphism with rationally connected geometric generic fiber. Assume that rank(f ) ≤ 2. If X c (k) is dense in X c (A k ) Br(Xc) for every rational point c of a Hilbert subset of P 1 k , then X(k) is dense in X(A k ) Br(X) .
Proof. Corollary 2.6 is due to Harari [Har94] [Har97] when rank(f ) ≤ 1.
If rank(f ) = 2, the variety W (see Conjecture 1.1) is isomorphic to the complement of an affine space by a close subset of codimension 2, by [CX14, Wei14b] , W satisfies strong approximation off a place v 0 , the proof follows from Theorem 2.5.
Remark 2.7. Fibrations over P 1 k with rank 2 had been dealt with (using the descent method) in [CTS00, Theorem A] under the assumption that the fibers above a Hilbert set of rational points satisfy weak approximation. It had also been dealt with in [HW16, Theorem 9.31] when k is totally imaginary or the non-split fibers of f lie over rational points of P 1 k . Lemma 2.8. Let Y n is the punctured affine cone over a smooth projective quadric of dimension n ≥ 1, let Z be a smooth open subvariety of Y n and Y n \ Z has codimension ≥ 2 in Y n . Then Z satisfies strong approximation with algebraic Brauer-Manin obstruction off v 0 , where v 0 can run through almost all finite places of k. Furthermore, (1) if n = 1, Pic(Z) ∼ = Z/2Z as abelian groups and Br 1 (Z)/ Br 0 (Z) is infinite;
(2) if n = 2, Pic(Z) ∼ = Z as abelian groups and Br 1 (Z)/ Br 0 (Z) is finite.
(3) if n ≥ 3, Pic(Z) = 0 and Br 1 (Z) = Br 0 (Z), then Y n satisfies strong approximation off v 0 .
Proof. We may assume Y n ⊂ A n+2 k defined by the equation
with all a i = 0. By an easy computation, we havek[Z] × =k × and
Then, by Hochschild-Serre's spectral sequence, one obtains
(2.7)
We always assume Z(A k ) Br 1 (Z) = ∅. Suppose n = 1 or 2, then Y n \ {(0, · · · , 0)} is a smooth toric variety, hence Z satisfies strong approximation with algebraic Brauer-Manin obstruction off any places v 0 by [Wei14b, Theorem 1.1]. Now we suppose n ≥ 3. We argument by induction on n. Let Z ′ be the complement of the closed subsets {x n+1 = x n+2 = 0} and {x 1 = · · · = x n = 0} in Z. Obviously Y \ Z ′ also has codimension ≥ 2 in Y . We only need to prove Z ′ satisfies strong approximation off v 0 since Z \ Z ′ has codimension 2. Define a morphism f :
It is clear that any geometrical fiber of f is geometric integral, and that there exists a dense open subset U n of P 1 k at which any fiber is the complement of a codimension ≥ 2 closed subset in some Y n−1 . Let v 0 be a place such that a 1 x 2 1 + a 2 x 2 2 + a 3 x 2 3 = 0 has a nontrivial resolution at v 0 . Obviously v 0 can run through almost all finite places of k. If any fiber over a rational point of U 0 satisfies strong approximation with algebraic Brauer-Manin obstruction off v 0 , by (2.7) and an easy argument similar as in Proposition 2.1 or as in [Har94, CTH16] , Z ′ satisfies strong approximation off v 0 . Corollary 2.9. let X be a smooth, proper, geometrically integral variety over a number field k and f : X → P 1 k be a dominant morphism with rationally connected geometric generic fiber. Assume that rank(f ) ≤ 3. Suppose every non-split fiber X m contains a multiplicity one component D m such that the algebraic closure of k(m) in the function field k(D m ) is a quadratic field of k(m).
If X c (k) is dense in X c (A k ) Br(Xc) for every rational point c of a Hilbert subset of P 1 k , then X(k) is dense in X(A k ) Br(X) . Proof. If rank(f ) ≤ 2, it follows from Corollary 2.6. Suppose rank(f ) = 3, the variety W (see Conjecture 1.1) is the punctured affine cone over the complement of a closed subset of codimension 2 in a smooth projective quadric of dimension 4, the proof follows from Theorem 2.5 and Lemma 2.8.
Remark 2.10. Corollary 2.9 had been dealt with (using the descent method) in [CTS00, Theorem B] under the assumption that the fibers above a Hilbert set of rational points satisfy weak approximation.
Schinzel's Hypothesis and an unconditional result
Many results on rational points are based on Schinzel's hypothesis (H) (see [CTSS98] , [Wit07] and [Wei14a] ). We refer to [SD11, Lemma 7.1] for a proof that Schinzel's hypothesis (H) implies the following Hypothesis (HH 1 ).
Hypothesis (HH 1 ). Let k be a number field, n ≥ 1 be an integer and P 1 , . . . , P n ∈ k[λ, µ] be irreducible homogeneous polynomials. Let S be a finite set of places of k containing the archimedean places, large enough that
(2) λ 0 and µ 0 are integral outside S;
(3) for each i ∈ {1, . . . , n}, the element P i (λ 0 , µ 0 ) ∈ k is a unit outside S except at one place, at which it is a uniformizer. Let X be a smooth and geometrically integral variety over a number field k and let f : X → P 1 k be a dominant morphism. Let Br vert (X) := f * (Br(k(η))) ∩ Br 1 (X) be the vertical Brauer group of X,where η is the generic point of P 1 k . Proposition 3.2. Let X be a smooth and geometrically integral variety over k and let f : X → P 1 k be a dominant morphism with smooth geometrically integral generic fiber. Assume that every fiber of f contains an irreducible component of multiplicity 1. Let U 0 , Ψ, P i (t), D i , k(D i ), k i and L i be as in Theorem 1.2. Let U ′ 0 ⊂ U 0 be an open subset, and ∞ ∈ U 0 , and let B ⊂ Br(f −1 (U ′ 0 )) be a finite set. Assume that (i) For each i ∈ {1, · · · , n}, L i is cyclic over k i . (ii) Hypothesis (HH 1 ) holds for P 1 (t), · · · , P n (t). Then
where X c is the fiber of f over c ∈ U ′ 0 (k). Proof. For any (x v ) v ∈ X(A k ) B∩Br(X)+Brvert(X) , since X is smooth and geometrically integral over k, any v-adic neighborhood of x v ∈ X(k v ) is Zariski dense on X, by implicit function theorem, hence we may assume that
. . , n}, let D i just be the divisor in our assumption. For i = n + 1, · · · , N , let P i (t) be the irreducible polynomial which vanishes at m i , we may choose D i to be a geometrically integral divisor of multiplicity 1 over k i since the fiber of f is split at m i . For i ∈ {1, . . . , N } choose a finite abelian extension E i /k(D i ) such that the residue of any element of B at the generic point of D i belongs to the kernel of the restriction map H 1 (k(D i ), Q/Z) → H 1 (E i , Q/Z). Let K i be the algebraic closure of L i in E i , hence K i /L i is a finite abelian extension. For i ∈ {1, · · · , n}, we can furthermore assume that K i /k is Galois. For i ∈ {n + 1, · · · , N }, since f is split at m i , we have L i = k i , hence K i /k i is a finite abelian extension. Finally, for i ∈ {1, . . . , N }, let G i = Gal(E i /k(D i )) and
Let S be a finite set of places of k containing the infinite places of k, the places at which we want to approximate (x v ) v . We can enlarge S large enough that we can apply Hypothesis (HH 1 ) for P 1 (t), · · · P n (t) and that the following conditions hold.
(a) The morphism f :
be a dense open subset and let E i denote the normalization of D 0 i in the finite extension E i /k(D i ). By shrinking D 0 i , we may assume that E i is finite andétale over D 0 i and that D 0 i is smooth over O S . After enlarging S, we may assume, by the Lang-Weil-Nisnevich bounds [LW54] [Nis54] and by a geometric version of Chebotarev's density theorem [Eke90, Lemma 1.2], that the following statements hold:
• the fiber of f above any closed point of U ′ 0 contains a smooth rational point;
• for any i ∈ {1, . . . , N }, if L i possesses a place of degree 1 over w then the closed fibers of D 0 i → m i contain rational points; • for any i ∈ {1, . . . , N } and any place w of k i which splits completely in L i and which does not lie above a place of S, any element of H i can be realized as the Frobenius automorphism of the irreducible abelianétale cover E i → D 0 i at some rational point of the fiber of D 0 i → m i above the closed point corresponding to w. For i ∈ {1, · · · , n}, by the Chebotarev density theorem, there is a finite set T i of places in L i of degree 1 over k such that (1) for each σ ∈ Gal(K i /L i ), there are exactly one element q ∈ T i with sufficiently large cardinalities of the residue fields and F rob(q) = σ;
(2) the set S i = {q∩k : q ∈ T i } has | Gal(M i /L i )| elements with S ∩S i = ∅ and S i ∩ S j = ∅ for i = j.
For each v ∈ S i with i ∈ {1, · · · , n}, we also fix a place w of k i lying over v and an element t v ∈ k v such that ord w (t v − α i ) = 1.
For i ∈ {1, · · · , n}, let v ∈ S i . Since all primes in T i are of degree 1 over k, one concludes that (
). Let A be the finite subgroups of Br(X) generated by B, B ′ and B ′′ .
After enlarging S, we may assume that S ⊃ n i=1 S i . Thus, according to Similarly, using Chebotarev's density theorem, we fix pairwise distinct places v ′ 1 , . . . , v ′ N which are not contained in S, such that v ′ i splits completely in K i for each i. For each i ∈ {1, . . . , N }, we also fix a place w ′ i of k i lying over v ′ i and an element
, 2, · · · , n}, let P i (λ, µ) be the corresponding homogeneous polynomial of P i (t). By Hypothesis (HH 1 ), there is
(3.2)
We may assume that µ 0 = 0, then let t 0 := λ 0 /µ 0 . As at least one x ′′ v belongs to a smooth fiber of f above U ′ 0 , we may assume that X t 0 is smooth. By the inverse function theorem, for each v ∈ S, we can choose
where Q j (t) are irreducible polynomials over O v i for 1 ≤ j ≤ g. Let Q j (λ, µ) be the corresponding homogeneous polynomial of Q j (t). There are g primes w 1 , · · · , w g of k i above v i corresponding to irreducible polynomials Q 1 (t), · · · , Q g (t) respectively. Since ord v i (P i (λ 0 , µ 0 )) = 1 by (3.2), there is 1 ≤ j 0 ≤ g such that
. We suppose ord v i (µ 0 ) = 0, then ord v i (Q j 0 (t 0 )) = 1, hence Q j 0 (t) is of degree 1 by (b) and Hensel's lemma and w j 0 is a place of degree 1 over v i .
by the reciprocity law, (b) and (c), one concludes that
Since L i /k i is abelian, one concludes that w j 0 splits completely in L i /k i . There is For each v ∈ Ω \ S which does not belong to any Ω i , we use Hensel's lemma to lift an arbitrary smooth rational point of f −1 (t 0 ) to a k v -point x ′ v of X t 0 . For each i ∈ {1, . . . , N } and each v ∈ Ω i \ {v i }, we fix an arbitrary rational point ξ w,i of the fiber of D 0 i → m i above w and again lift it to a
When v ∈ Ω i , we may view w as a place of k i dividing v; we then have w(t 0 − a i ) > 0. We may assume that w i (t 0 − a i ) = 1, and hence that v ′ i ∈ Ω i , by choosing t 0 close enough to t v ′ i . For i ∈ {1, . . . , N } and v ∈ Ω i , and let n w,i = ord w (t 0 − a i ), let Fr ξ w,i to denote the Frobenius automorphism of the irreducible abelianétale cover
(1) For each i ∈ {1, . . . , n}, we have
where Fr w ∈ Gal(K i /k i ) denotes the Frobenius at w, since γ ∈ Br(U). By the global reciprocity law, we deduce that
hence χ(Fr ξ w,i ) = 0 for all χ ∈ H 1 (M i /k i , Q/Z). For any σ ∈ G i , denote σ to be its image in Gal(k(D i )K i /k(D i )) ∼ = Gal(K i /L i ). This implies that Fr ξ w,i ∈ [Gal(K i /k i ), Gal(K i /k i )], the commutator of Gal(K i /k i ). Write
Then
Since Gal(L i /k i ) is cyclic, one has
This implies the restriction map
is surjective. Therefore the natural map
is injective by the duality. One concludes that
Since Gal(L i /k i ) is cyclic, we have
by an easy computation, where γ i is a generator of Gal(L i /k i ). Then
For τ i in (3.7), there is q i ∈ T i such that
For 
by (3.4),(3.8) and (3.9).
For i ∈ I, we replace x ′ p i by z p i , we also denote it by x ′ p i . By Lemma 3.3 and 3.4 and our hypotheses on S, we can choose, for each i ∈ {1, . . . , N }, a rational point ξ w i ,i of the fiber of D 0 i → m i above w i such that Fr ξ w i ,i = −σ i and hence v∈Ω i n w,i Fr ξ w,i = 0 in G i . We then lift ξ w i ,i to a k v i -point x ′ v i of X t 0 . By a similar argument as in the last paragraph of the proof in Theorem 2.1, we conclude that v∈Ω inv v β(x ′ v ) = 0 for all β ∈ B. Theorem 3.5. Let X be a smooth, proper and geometrically integral variety over k and let f : X → P 1 k be a dominant morphism with smooth geometrically integral generic fiber Xη. Let P i (t), k i , L i be as in Theorem 1.2.
Assume that (1) H 1 (Xη, Q/Z) = 0 and H 2 (Xη, O Xη ) = 0;
(2) for i ∈ {1, · · · , n}, L i is a cyclic extension of k i ;
(3) Hypothesis (HH 1 ) holds for P 1 (t), · · · , P n (t);
(4) there exists a Hilbert subset H ⊂ P 1 k such that X c (k) is dense in X c (A k ) Br(Xc) for every rational point c of H. Then X(k) is dense in X(A k ) Br(X) .
Proof. The condition (1) implies Br(X η )/f * η Br(η) is finite (see [HW16, Lemma 8.6]). By Proposition 3.2, the proof follows from a similar argument as in Theorem 2.5.
Remark 3.6. (1) Suppose k = Q and all non-split fibers lie over rational points of P 1 Q . By [GT10, Corollary 1.9], Hypothesis (HH 1 ) holds (see [HSW14, Proposition 1.2]), then Theorem 3.5 covers the main results of [BMS14] and [HSW14] . In fact, under these assumptions and condition (2), Theorem 3.5 covers a special case of [HW16, Theorem 1.6] which is proved by another approach.
(2) Let X be a smooth proper model of the smooth locus of the affine variety over k defined by N K/k (z) = P 1 (t) e 1 · · · P n (t) en ,
where K/k is a finite field extension and the P i (t)'s are irreducible polynomials. Let L i = k[t]/(P i (t)). Suppose KL i /L i is cyclic for any i ∈ {1, · · · , n}, and [K : k] | e i [L i : k]. Then conditions (1), (2) and (4) in Theorem 3.5 hold. Generally, the Brauer group of the generic fiber is non-trivial. So, Theorem 3.5 gives some new examples different from [CTSS98, Theorem 1.2] By Theorem 3.5 and Remark 3.1, we immediately have the following unconditional result.
Corollary 3.7. Let k = Q. Let X be a smooth, proper, geometrically integral variety over a number field Q and f : X → P 1 Q be a dominant morphism with rationally connected geometric generic fiber. Assume that rank(f ) ≤ 3.
Suppose every non-split fiber X m contains a multiplicity one component D m such that the algebraic closure of k(m) in the function field k(D m ) is a cyclic extension of k(m).
If X c (k) is dense in X c (A k ) Br(Xc) for every rational point c of a Hilbert subset of P 1 k , then X(k) is dense in X(A k ) Br(X) . Proof. This theorem has been proved (see [HW16, BS19] ) when there is a non-split fiber over a rational point of P 1 Q . In fact, if there is a non-split fiber over a rational point of P 1 Q , this theorem holds for all rank(f ) ≤ 3 without the cyclic assumption. Suppose there is not a non-split fiber over a rational point of P 1 Q , then f is non-split over only one closed point m ∈ P 1 Q with [Q(m) : Q] = 3. The proof follows from Theorem 3.5 and Remark 3.1.
